Abstract We derive a thermal QCD sum rule for the correlation function of two vector currents in the rho-meson channel. It takes into account the non-perturbative contributions of the additional, O(3)-invariant operators, which appear due to the breakdown of Lorentz invariance at finite temperature. The mixing of the new operators has a drastic effect on their coefficients. Also our evaluation of the two-pion contribution to the spectral function disagrees with earlier results.
Introduction
The QCD sum rules [1] , proposed about two decades ago, prove remarkably successful in addressing the non-perturbative problems of hadron phenomenology. In this approach one considers the product of two local operators, like the currents of the QCD theory. A sum rule is obtained by equating the dispersion relation for its vacuum matrix element at sufficiently large space-like momenta to the corresponding Wilson operator product expansion [2] . The higher dimension operators present in the expansion account for the non-perturbative contribution. The idea of extending these sum rules to finite temperature by replacing the vacuum matrix element with the thermal average naturally suggests itself.
The pioneering work establishing the thermal QCD sum rules is that of Bochkarev and Shaposhnikov [3] . They recognised the importance of the multiparticle states in the spectral function to account for the effects of the medium (heat-bath). On the basis of these sum rules they discussed the temperature dependence of the resonance parameters and the existence of phase transition. However, there arise additional operators in the Wilson expansion at finite temperature, which are not correctly incorporated in their sum rules: In effect, they calculated these new operator contributions perturbatively, which cannot be justified, particularly at low temperature.
The new operators arise because of the breakdown of Lorentz invariance at finite temperature by the choice of the thermal rest frame, where the heat bath is at rest at a definite temperature [4] . The residual O(3) invariance naturally brings in additional operators. The expected behaviour of the thermal averages of these O(3)-invariant operators is somewhat opposite to those of the O(4)-invariant ones: While the O(4)-invariant operators start with non-zero values at zero temperature and decrease in magnitude as the phase transition temperature is approached, the O(3)-invariant ones, on the other hand, are zero at zero temperature but are expected to grow and stay at nonzero magnitudes in the neighbourhood of phase transition. The importance of including these O(3)-invariant operators in the thermal sum rules, particularly near the critical temperature, is thus clear.
Although a large number of works on thermal QCD sum rules exist by now, none of these include properly, if at all, the contributions of the new operators. Thus although the more recent works try to include them [5] , [6] , the mixing of these operators, which changes their coefficients drastically, is not taken into account.
In a recent work [7] we applied a simple, configuration space method [8] , [9] to evaluate the Wilson coefficients of these new operators (up to dimension four) which appear at finite temperature in the short distance expansion of the product of two quark bilinear operators. The coefficients are improved by the renormalisation group equation, taking into account their mixing under a change of renormalisation scale. Here we make use of this result to write a prototype thermal QCD sum rule, incorporating correctly the contributions of all the dimension four operators. In the process we obtain the expression for the two-pion contribution to the spectral function, which differs from the earlier evaluations [3] , [5] . We therefore present its derivation in detail.
We consider the correlation function of the time ordered (T ) product of two vector currents in the ρ-meson channel. The use of the T -product, rather than the retarded (or advanced) product, is somewhat more complicated in writing down the spectral representation but has the advantage in perturbative calculations, for which we can apply the conventional formalism. Throughout this work we shall employ the real time formulation of the thermal field theory [10] , which requires in general not only the physical fields but also the accompanying 'ghost' fields. Since, however, we work to lowest order in perturbation expansion, ghost fields do not show up.
In sec.II we write the Landau spectral representation [11] for the time ordered correlation function. The sum rules are then obtained by equating it to the result of short distance operator product expansion . In sec.III we write the contributions of ρ and ππ intermediate states to the spectral function. In sec.IV we discuss the problem of evaluation of the thermal sum rules. In the Appendix we derive a limit, as it disagrees with an earlier result [3] .
Sum rule
Consider the thermal average of the time ordered (T ) product of two currents,
where q µ = (q 0 , | q|) with q 2 = q 2 0 − | q| 2 , Z = T re −βH , H is the QCD Hamiltonian, β is the inverse of the temperature T (coinciding with the time ordering symbol !) and T r denotes the trace over any complete set of states. In calculations we choose the vector current in the ρ-meson channel,
Let us now obtain the spectral representation for the correlation function in q 0 at fixed | q|. First, evaluate the trace over a complete set of eigenstates of four-momentum, when it becomes a sum over forward amplitudes weighted by the corresponding Boltzmann factors. Then insert the same set of complete states between the currents to extract its x-dependence which is then integrated out. Introducing a δ-function in q 0 , the result can be written as
where the expressions for M ± µν with the double sum over states may be converted back to the form,
and M − µν (q) having the same form with the two currents interchanged. The opposite sign of iǫ in the two terms in eqn. (2.3) is typical of T -products. As a result the imaginary part of T µν is given by the sum, 5) so that the sum and the difference are related,
We thus get the Landau representation for T product at finite temperature [11] ,
Using the symmetry relation 8) and going over to imaginary values of q 0 (q
, for which ImT µν vanishes, the representation (2.7) becomes,
It may actually require subtractions, giving rise to a monomial in Q 2 0 . But it does not affect the Borel transformed sum rules, we write below.
Although Lorentz invariance is broken, the book-keeping with indices becomes simpler if we restore it formally by introducing the four-velocity u µ of the heat bath [12] (In the rest frame of the heat bath u µ = (1, 0, 0, 0), where the temperature is defined.) The time component of q µ is then raised to the Lorentz scalar, ω = u · q. We shall, however, return to the heat bath rest frame while doing actual computations.
In such a Lorentz invariant framework, the correlation function can be decomposed into two invariant amplitudes T 1 and T 2 , which are functions of ω and q 2 ,
To write the sum rules, we may choose T 1 and T 2 or any combinations thereof, like T µ µ and u µ T µν u ν . We prefer the former set, as we can then segregate all the zero temperature contributions to the amplitude T 1 . Clearly a spectral representation holds for any of these amplitudes, up to monomials in Q 2 0 . The contributions of operators up to dimension four to T 1 and T 2 are obtained in a previous work [7] . Including the unit operator, they are, for large Euclidean momenta q, 12) where O 1 is the operator set contributing already at zero temperature, 13) and O 2 and O 3 are the new, Lorentz non-invariant ones,
Herem is the degenerate mass of the u and the d quarks, <qq >=<ūu >=<dd > and α s = g 2 /4π, where g is the scale dependent gauge coupling constant. Θ f 00 and Θ g 00 denote the oo-component of the energy-momentum tensor for any one of n f flavours and the gluons respectively. Θ 00 is the total energy density operator, Θ 00 = n f Θ f 00 + Θ g 00 . Finally a(−q 2 ) arises due to the anomalous dimension d of the operator O 3 , 15) where µ(≃ 1 GeV) is the scale at which the operator O 3 is renormalised. Using (2.9) and (2.11-12) it is easy to write the Borel transformed sum rules for for the invariant amplitudes. For T 1 we get 16) where < O > T is the non-perturbative contribution of higher dimension operators,
Saturation
We work below the critical temperature, where hadrons contitute the physical spectrum. As with the vacuum sum rules, the dominant contribution to the spectral function is given by the ρ-meson.
A simple way to calculate this contribution is to use the relation
where m ρ , ǫ µ and f ρ are the mass, the polarisation vector and the vector current coupling of the ρ-meson. Experimentally f ρ =207 MeV. Eq.(3.1) suggests the field-current identity,
where ρ µ (x) is the ρ-meson field. Then the ρ-meson contribution is given essentially by its thermal propagator,
where ∆ ρ 11 (q) is the 11-component of a scalar field propagator with mass m ρ ,
and n(ω q ) is the Bose distribution function, n(ω q ) = (e βωq − 1) −1 , ω q = q 2 + m 2 ρ . We then get
Finite temperature corrections will make m ρ and f ρ temperature dependent and ImT 2 non-zero, given by an expression similar to ImT 1 with a different set of m ρ and f ρ . The temperature dependence of these parameters may be calculated separately [13] . Alternatively one tries to determine them from the sum rules themselves.
The next important contribution is expected to be given by the non-resonant ππ state [3] . It describes the interaction of current with the particles in the heat bath which are predominantly pions. It can be evaluated by replacing the quark current by the pion current or more systematically by the chiral perturbation theory [14] . To lowest order we get
where ∆ π 11 is again the 11-component of the scalar propagator(3.4) but with mass m π . (A real, contact term is excluded in (3.6) ). Its imaginary part can be obtained by the cutting rules at finite temperature [15] . Here we obtain it directly for this simple amplitude. We express ∆ π 11 as
where D(k) is the zero temperature propagator,
, and carry out the k ointegration [16] . The imaginary part may then be read off as
where
Here n 1 ≡ n(ω 1 ), n 2 ≡ n(ω 2 ) with
The time component of k µ in the tensor structure is understood to be given by k 0 = ω 1 .
With the help of the δ-functions we can rerwite (3.9) as L µν (q) = π coth(βq 0 /2)N µν (q), (3.10) where
(3.11)
In this form the factors involving the density distributions can be interpreted in terms of pion absorption from and emission into the medium [17] . Since the first and the second δ-functions in (3.11) contribute to time-like (q 2 ≥ 4m 2 π ) and space-like (q 2 < 0) regions respectively, we write it as [17] , [3] . The angular integration is carried out using the δ-function, when the constraint
, where
We thus get
2 ) (3.14)
We finally extract the contribution of N µν to ImT 1 and ImT 2 , which we denote by N 1 and N 2 respectively. It is convenient to find N µ µ and u µ N µν u ν first and then relate them to the invariant amplitudes. We also change the variable ω 1 to x given by
The superscripts t and s on N denote time-like and space-like q µ , where they are non-vanishing. The first term of the right in (3.15) arising from the unity in the factor (1 + n 1 + n 2 ) in (3.14) is the zero temperature contribution of the ππ state. Evaluated here in a non-covariant way it, of course, agrees with the covariant evaluation of the Feynman amplitude (3.6) with ∆ π 11 (k) replaced by D(k) [14] .
Saturating ImT 1 with the above contributions, the sum rule (2.13) becomes
where < O > T is given by (2.17) . As the temperature goes to zero we, of course, recover the familiar vacuum sum rule,
The integral on the left is the non-resonant 2π contribution and is small compared to the resonance contribution.
As | q| → 0, the the sum rule (3.18) simplifies considerably. The limit for the second integral in bracket is a little delicate and is evaluated in the Appendix. We get
The sum rule for T 2 has an apparent singularity as | q| → 0. Removing this singularity leads to a complicated integrand involving the derivatives of the density distributions. We shall not write it here. We wish to mention here the points where the sum rule (3.20) differs from the one written earlier. First, as already pointed out, we have included the contributions of the new, O(4)-noninvariant operators, taking into account their mixing under scale change. Next, our calculation of the two-pion contribution does not agree with earlier results. Authors of Ref. [5] seem to have taken over the result forqq contribution as calculated in Ref. [3] to apply also for ππ contribution. Further the procedure of Ref. [3] to evaluate the limit | q| → 0 of the second integral in (3.18) gives a result different from ours. The details are given in the Appendix.
Discussions
In this work we have written a thermal QCD sum rule for a two point correlation function, including the non-perturbative corrections due to all the operators upto dimension four. Because of the loss of Lorentz invariance at finite temperature, two new operators creep up in the Wilson expansion, in addition to the two already existing in the vacuum sum rules. Compared to the two numbers, < mψψ > 0 and < [18] and so their temperature depencence can be obtained, below the critical temperature, from chiral perturbation theory [19] . Only the last one has an unknown temperature dependence at this stage.
What about including still higher, i.e., five and six dimension operators in the sum rules ? Evaluation of the vacuum sum rules shows that the contributions of these higher dimension operators can be neglected as long as one does not choose too low a value for the Borel variable M 2 [20] . We think that the situation would not be different for the thermal sum rules. Of course, it should be an improvement, in principle, to include these higher dimension operators. In practice, however, they bring in more unknown functions of temperature, the thermal averages of these operators. In any case, the procedure in the literature [3] , [5] of including dimension six quark operators and excluding the (O(3)-invariant) gluon operators [21] , because of the smallness of their coefficients by a factor of α s (µ 2 ), is not justified. The quark and the gluon operators mix under a change of scale, so that after the renormalisation group improvement both the coefficients are of the same order in α s (−q 2 ). The task is now to evaluate the thermal sum rules. The interesting quantities to extract are the temperature dependences of the resonance parameters and of the thermal averages of the operators. Within the framework of the sum rules themselves, it would require several sum rules to predict these quantities. Indeed, it is easy to write the entire set of sum rules by considering two-point functions of not only the vector quark bilinear, but also the others, like the scalar, tensor etc. All of these sum rules receive contribution from a few resonances and the operators from the same set. Using quark bilinears of appropriate chiralities, one can get sum rules without the gluon operators at all. These sum rules should prove easier to extract information and also probably to check the saturation scheme. The evaluation of the other sum rules containing both the quark and the gluon operators may then be attempted. We hope to report elsewhere on the results from such a scheme of evaluation of the thermal sum rules.
